GCSE to AS Bridging Material

Hello all and welcome to the first step in your journey of taking A-level Maths! The work set for you will allow you to bridge the gap between GCSE and Year 12 Mathematics. The booklet covers skills from a range of topics that you will have encountered at GCSE level and are vital for you to do well at A-level. 

We want our pupils to become independent and creative Mathematicians and this begins with having a flair and interest in the basics of the subject. All of the questions here should be accessible to you having completed your GCSE although some problems will require a little thought and perseverance.

This pack should be viewed as an opportunity to ensure you start AS Level Mathematics successfully. We have very high expectations of students’ Algebra and Number skills, hence, we a providing a solid revision resource that will help you in your initial progress and assessments.

If you need support completing this booklet we suggest you review the relevant lessons on mymaths.co.uk.

Login Details:	Username: greycoat	Password: obtuse

Please complete this work on loose leaf paper and not in the booklet itself; questions at A Level often require you to complete extended answers so the importance of correct layout and exposition of methods is paramount.

You will need to bring this work to your first lesson in Year 12 to be checked for completion. You have been supplied with a solution booklet so you will be expected to show evidence of carrying out corrections. You will be assessed on the topics in this booklet within your first few weeks in Year 12 which will be used to help determine your suitability for the course.

The Mathematics department hope you find this an excellent guide to the prerequisites of the course and the level of application we expect at Year 12 level study, as we do not want you to feel overwhelmed when you begin your Sixth Form studies.



[bookmark: _GoBack]IMPORTANT- Please note that for the course it is essential that you purchase a casio fx-991EX calculator and bring it with you in September. The calculator you have been using for GCSE will not be sufficient for A level Maths. 
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Section 1- Algebraic Expressions
a) Index Laws
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b) Expanding Brackets
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]




c) Factorising
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d) Negative and fractional indices
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e) Surds
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f) Rationalising the denominator
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g) Formulae
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Section 1 Answers
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Section 2- Quadratics
a) Solving Quadratic Equations
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b) Completing the square
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c) Functions
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d) Quadratic Graphs
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Section 2 Answers
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Section 3- Equations and Inequalities 
a) Linear simultaneous equations
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b) Quadratic Simultaneous Equations
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Solve the following simultaneous equations.
1	x2 + xy = 12				2	x2 – 4x + y2 = 21
	3x + y = 10					y = 3x – 21

3	x2 + xy + y2 = 1			4	x2 – 2xy + y2 = 1
	x + 2y = –1					y = 2x

5	c2 + d 2 = 5				6	x + 2y = 15
	3c + 4d = 2					xy = 28

7	2x2 + 3xy + y2 = 6			8	2x2 + 4xy + 6y2 = 4
	3x + 4y = 1					2x + 3y = 1

9	4x2 + y2 = 17				10	2x2  3xy + y2 = 0
	2x + y = 5					x + y = 9

11	x2 + 3xy + 5y2 = 15			12	xy + x2 + y2 = 7
	x  y = 1					x  3y = 5

13	x2 + 3xy + 5y2 = 5			14	4x2  4xy 3y2 = 20
	x  2y = 1					2x  3y = 10


15	x2  y2 = 11				16	
	x  y = 11					x + y = 7






















c) Linear Inequalities 
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d) Quadratic Inequalities
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Quadratic simultaneous equations
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XEx x% = a7 = T
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el wr
x* o

=27x

Use the rule a” x 4" = a” ** to simplify the index.

Rewrite the expression with the numbers
together and the r terms together.

2x
=

23

Use the rule & + a" = @~ "o simplify the index.

e

o=w

Use the rule (a")" = @ to simplify the index.

axa

Use the rule (ab)* = % to simplify the numerator.





image96.png
Turning point: (3. 16)
Line of symmetry: x

r e

(©,10)

‘Turning point: (-
Line of symmetry

2%+ Tx—15

Turning point: (-,

Line of symmetry: x =





image97.png
4,00 0]

Tus

ing point: (-1,81)

Line of symmetry: x = —

55%+0.20 4002

(0, 0.02)
002,00}

Turning point: (-0.2, 0)
Line of symmetry: x





image98.emf

image99.emf

image100.png
4 Solve each pair of simultancous equations by drawing the
graphs of each equation for the values given and finding their
point of intersection.

a 3x+y=4 b 3y—dx=1
Ax+2y=6 Sy+4x=23
C1<x<3,-1<y<3) (-1<x<4,0<y<5)
c x+3y=10 d x+3y=8
—x-y=-6 x+5y=10
F1<x<6-1<y<3) -1<x<6,-1<y<3)
e 2x-3y=-9 f 3y-4x=16
-X+2y=6 4y+3x=13
F1<x<3,-1<y<d) (3<x<3,-1<y<?)
8 2x+3y=0 h  y+2x=-5
2x-y=8 2x43y=10

0<x<6,-4<y<2) (B<x<0,-1<y<3)
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Example

Solve the simultaneous equations:
x+20=3
X4 3x=10

x+2y=3
¥+ 3xp =10
x=3-2y

(3 -2y +3y(3 - 2) =10

U]
@

9-12y+ 47 + Y -6 =10
-2y% - 3y o
22 +3y+1=0
@+ +19=0
-

y=-lory

Sox=4o0rx=5

Solutions are x = 4, y = —%

o T A A —

'
2
and x=5,y=-1

The quadratic equation can contain terms
involving y2 and xy.

Rearrange linear equation (1) to get x = ... or

y=..(herex=_.).

Substitute this into quadratic equation (2) (here in
place of x).

« Section 1.2

(3 -2y)? means (3 - 2))(3 - 2)

Solve for y using factorisation.

Find the corresponding x-values by substituting
the y-values into linear equation (1), x =3 - 2y.

There are two solution pairs for x and y.
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= To solve a quadratic inequality:
« Rearrange so that the right-hand side of the inequality is 0

« Solve the corresponding quadratic equation to find the critical values
« Sketch the graph of the quadratic function

« Use your sketch to find the required set of values.
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Expand these expressions and simplify if possible:
a 3x(Tx-4) b (3-2y)
€ 4xBx-2¢+57)  d 2x(5x+3)-5(2x+3)
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Find the set of values of x for which:
3-5x-2x2<0.

3 -5x-2x

e

2x2+5x-3=0
@x-Nx+3)=0

S0 the required set of values is

xX<-3o0r x> g ———m——
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Exel

1 Find the set of values of x for which:

a x2-1lx+24<0 b 12-x-x2>0 ¢ x2-3x-10>0
d X2+7x+12=0 e 7T+ 13x-22>0 f 10+x-2x2<0
g4’ -8x+3=<0 h -2+7x-3x2<0 i x2-9<0

j 66X+ 11x-10>0 k x2-5x>0 1 2x24+3x<0
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Exercise 3E

1 a 3<x<8
¢ r<-2.x55

e -lex<
3

g texsil

i c3<x<d

k

<025
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a -3x(7x-4) = 2137 + 12x

B xTa
“3xx(-4)

—21xi+1 = 2132
+12x

b A3 - 2p%) = 3p2 - 2y°

€ 4x(3x- 2x° +5x%)
= 1222 - 8x® + 20x*

d 2x(5x+ 3) - 5(2x+3)
=10x° + 6x - 10x - 15
= 1027 - 4x - 15

L pxian =220 =29

Remember a minus sign outside the brackets
changes the signs within the brackets.

L Fomplfysx—oxtoge=4x
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)

Simplify these expressions:

X7t p =6t 2067+ 150
¥ 2x 2
X 4xt X7 xt
it

x T

——— Divide each term of the numerator by x’.

xtis the same as x.

Divide each term of the numerator by 2x.

3x2_ex®
2x

At

X 3x

20x7 +15x° _ 20x7 1512
c 2

5x 5x2 ' 5x?

L Divide each term of the numerator by 5x°




image10.png




image11.png
1 Simplify these expressions:

s
a xxx b 2¢'x 3, c%
Ebsd 25
L] 0%y
h (py+pt i Qays2a
214
J 8pt s ap s
i 8psdp k 2a* x 3a° i S5
m 9x? x 3(x?)° n 3x% x 207 x 4x° o 7a* x (3a*)

p @2 q 2° + 302 x 6a® r 3t x 28 x @




image12.png
2 Expand and simp

a
d

g (x+ 5
[
md(c+3d%) - 30 + d?)
0 x(3x2-2x+5)

9x-2)
Xy +5)

if possible:

b x(x+9) ¢
e —x(3x+5) f
h -3y(5-2%) i
K 3(x+2)+(x=7) 1
0 (P +3049)- (27 + 30 - 4)
P TR2-5y+32) q

s

r I(e=2)+3(x+4) - 6(x-2)

t 3 xB-4)+7

u dx(r+3) = 23x - T)

3 Simplify these fractions:

6x4 41
g S 1040

d

P23

8x7+4 5x

2x

o

v

(4 -3y)
—Sx(dx+ 1)
—2x(5x - 4)
Sx-6-(3x-2)

“22(5- Ty + 3?)
Sx-3(4-20+46
35Qx+ 1) = S2(3x - 4)
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Expand these expressions and simplify if possible:
a (x+5)(x+2) b (x-2)(7 + 1) ¢ (x-yF 4 (x+1)(3x-2y-4)
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2 (x+5)x+2)
X4 2x 4 53+ 10
X4 7x+10

Multiply x by (x+2) and then multiply 5 by (x +2).

Simplify your answer by collecting like terms.

b (x =20 +1)
=%+ x - 2x% - 2y

—2yx =2y

There are no like terms to collect,
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CRE

- x =)
‘2 )\f b i (x = )2 means (x - y) multiplied by itself.
Chaowgar
=¥ -2u+
2 —xp-xp=-2xy

(+))Bx -2y - 4)
NBx - 2y - 4) + p3x -2y - 4)
X7 = 2xy = 4x + 3y = 297 - 4y
X7 + Xy = 4x = 207 = 4y

Multiply x by (3x ~ 2y~ 4) and then multiply y by
(Bx-2y-4).
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X

Expand these expressions and simplify if possible:

a x2x+3)x-7) b xX(5x-3p)2x -y +4) ¢ (x—4)x+Dx+1)
a x@2x+3)x-7) | Start by expanding one pair of brackets:
- @x2+ 3N 7) X(@x+3)=2x+3x
=20 - 1407 + 332 - 21x
20 - 12— 21x You could also have expanded the second pair of
brackets first: (2x +3)(v = 7) =2x* ~ 11x - 21
b x5y 32x -y +4) Then multiply by x.

(532 - 3xpH2x = y + 4)

X2(2x -y + 4) - Bxp@x -y + 4)

= 10x3 - 5x2y + 208 — Ga¥y + 3x)?
- t2xy

=10x% = 11x% + 20x° + 352 - 123y

Be careful with minus signs. You need to change
every sign in the second pair of brackets when
you multiply it out.

Choose one pair of brackets to expand first, for

example:
© (x -4+ 3+ 1) T x=@)(c+3)=x243x—kx—12
=@ —x -T2+ ) ¥-x-12
X 1) = X+ 1) = 1200+ 1)
1o e x—12x =12 You multiplied together three linear terms, so the

final answer contains an x” term.
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1 Expand and simplify if possible:

a (x+4)x+7)
4 (x=p)2x+3)

g Qx-3)x-4)

§ (c+S)2x+3p-5)
m(x+2y - D(x+3)
P (y+5)3x-y+2)

b (x=3)x+2)

e (x+3p)@x-y)

h (Gx+ 2

k (x=1)(3x-4y-5)
n(2x+2y+3)x+6)
q Gy-2x+3)(x-4)

m o] F

(x-2p
(2x=4y)(3x +7)
(2x +8y)(2x +3)
(=49)Q2x+y+ 5)
@-y)dy-x+3)
y-x=-2)5-y)




image18.png
2 Expand and simplify if possible:

2 S(x+ c-4)

4 x(e-y)x+)

g 1Gr-2)(dx+2)

§ o2 sy -4)
m (2 + oy - 5)
P+ )

s (0= S)x-4)x-3)

¥ (x=22x+ DBr-2)

e

7(x = 2)(2x +5)
A(@x + )3x +4)
HT-2)2x-5)
2y Dx+5)

2a(3x - (dx

p-3)

(r+2)(x-d)x+3)
@x+ I)x

A+ 1)

3w -3e-3)

Hr= 5+ 1)
Mx+p)5x=2)
YBx+2p =2+ 1)
3x(x-2p)(2x+ 3y +5)
0+ 3= Dx=5)
Qx+3)0y- D +2)
Q-3
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3 The diagram shows a rectangle with a square cut out. — (ESEYR—V-=
‘The rectangle has length 3x — y + 4 and width x + 7.

‘The square has length x - 2.
Find an expanded and simplified expression
for the shaded area.

Use the same strategy as you would use:
ifthe lengths were given as numbers:
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4 A cuboid has dimensions x + 2cm, 2x - 1 cm and 2x + 3em.
Show that the volume of the cuboid is 4x + 12x? + 5x — 6cm’.

5 Given that (2x + 5)(3x = J)(2x + ) = ax’ + b’y + exp? + dy’, where 4, b, ¢ and d are
constants, find the values of a, b, ¢ and d.
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Factorise these expressions completely:
a3x+9 b -5y © 824 20x 4oy +159° e 3¢ -9y
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Y

3x+9=3(x+3)

X = Sx=xlx-5)

83 + 20x = 4x(2x + 5)

vy + 153y

3 - 9y

=30(3x + 5)

3x(x - 3y)

3 is a common factor of 3x and 9.
x is a common factor of x* and ~5x.

4and x are common factors of 812 and 20x.
50 take 4x outside the brackets.

3, x and y are common factors of 9x2y and 15x)%.
S0 take 3xy outside the brackets.

x and -3y have no common factors so this
expression is completely factorised.
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a0

Factorise:
ax2-5x-6 b x4 6x+8 ¢ 6x7 - 1lx- 10 d2-25 e 4-97

Herea=1,b=-5and c=

(@ Work out the two factors of ac
togiveyoub=—5.-6+1=—-5

(@ Rewrite the b term using these two factors.

=x(x+1)-6(x+ U»———L
(3 Factorise first two terms and last two terms.

a ¥ -5x-6
ac= -6 and
S0x2-5x-6

X 4x-6x=6

% + 1) — 6} —————————

L— @ x+1isafactor of both terms, so take that
outside the brackets. This is now completely
factorised.
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-

¥ rEx+8
¥ 2+ Ax B
=x(x+2) 4 4(x+2)
(x+2x+4)

637 = lx = 10
=6x 151 + 4x - 10
3x(2x - 5) + 2(2x = 5) ————————————

=@x-503x+2)

¥ =25
-5
=(x+5)(x-5

aegpe— 1
=222 o2
= @x +3)2x - 3y)

ac=8and2+4=
Factorise.

ac=-60and 4-15=~-11
Factorise.

This is the difference of two squares as the two
terms are x? and 5°.

‘The two x terms, 5x and ~5x, cancel each other out

This is the same as (2x)? - (3y)%.
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Factorise completely:
a -2 b -25x e 43— 10y

a X -2 =xx-2)

b ox®-25%

=l -

= x(x+ 5)x - 5)

€ X%+ 3x% - 10x = x(x? + 3x - 10)
=x(x+5)x - 2)
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1 Factorise these expressions completely:

ad4x+s
d20+4
g -7

i ee-2x

b 6x-24
e 4x+20
h 2w +dx
K 10y2 -5y
n y242y
q

t

9y + 122

o = =

P

20x+15
6x* - 18x

3w

35x - 28x
44120

6ab ~ 2ab?
15y - 20y
122 - 4px
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2 Factorise:

a xedx b 20 4+6x © X+llx+2e
4 esxel e X+dx-d0 £ -srel2
g x45r46 hxo2-2 i x-3x-10
joxtex-20 K 2v4sre2 131008
m Sy - 16x+3 n6r-sr-8
0 2¢47x-15 p2r+ 14 a2 ?ﬁmV?éza;é'";;:ﬁi:l";3:5;_“""'“""
q x4 e
s aos t or-25y2 e
v o5 W 10544 X 15w+ 4x-9
3 Factorise completely:
axe2 bxoxiex ¢ x5y
4 -9x e X oxiol2v £+ 1L+ 30x
g =T+ b b ¥ - 6dx R
§ 2041304 I5x ko -dx 1324270 + 60
) 4 Factorise completely x* - 7. (2 marks)

Watch out for terms that can be written as a
function of a function: x* = (x?)?
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5 Factorise completely 6x° + 7x* - Sx.




image30.png
= You can use the laws of indices with any rational power.

. ak=Va
. an="/a"
Y

=

. a=1
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3 : s
Al Toew) ® e V125x¢
Use the e @™ ¢ ar= an 7.
a
This could also be written as /.
b X Use the rule a" x a" = a"+".
<
d
e
.
Divide each term of the numerator by "
Usinga™
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Evaluate:
a9 b 64t ¢ 49} d 25
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=

2 Evaluate:
a 25

= o=

sv-ax 5
b 202 ¢ (1253

4 9x2 = 15¢8
f (5‘4) L
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® You can manipulate surds using these rules:

« Jab=/ax/b
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Simplify:
a1z

© 56 - 2/24 +/294

=5/ - 2/6V4 + /& x V49— |

€(5 - 2/4 + V49) ————
=65-2x2+7)
c®
=8/c

© 5/6-2/24+/2

Look for a factor of 12 that is a square number.
Use the rule /ab = va x/b. V4 =2

Cancel by 2.

/6 is a common factor.
Work out the square roots v and v23.

5-4+7=8
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Expand and simplify if possible:
a V2(5-13) b 2-/3)5+13)

avZs-vm—— | NERCEERE
=5/2 -v2V3

=52 -6 ——————

Using Va x /b

b (2 - V3)5 +V3) | Expand the brackets completely before you simplify.
=2(5+3) - V3(5 +13)
10+2/3 -5/3 -3 - L Collect like terms: 2/3 ~ 53 = -3/3

7-3/3
Simplify any roots if possible: V9 = 3
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Exercise

1 Do not use your calculator for this exercise. Simplify:
a /38 b /72 ¢ (30
_ _ /2
d \E e V90 5
e 2 b /20 + /80 7300 + T8 -T2
§ V1754463 +2/28 k V28 -2/63 +V7 V80 - 2/20 + 3/45
m 380 - 2/20 + 545 o V124348 4175

2 Expand and simplify if possible:

a 32+43) b /5(3-v3)
d 2-V2)(3+3) e 2-V3)(3-VT)
g (5-3)1-3) h (4+V3)2-13)

V2(4-15)
“+V3)2+/3)
(7-VIDR2+/1T)

) 3 Simplify 75 - /T2 giving your answer in the form a/3, where a is an integer.
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If a fraction has a surd in the denominator, it is sometimes useful to rearrange it so that the
denominator is a rational number. This is called rationalising the denominator.

® The rules to rationalise denominators are:

+ For fractions in the form -2, multiply the numerator and denominator by /a.
/a

+ For fractions in the form — 5 multiply the numerator and denominator by a - /5.
ax!

+ For fractions in the form multiply the numerator and denominator by a + .
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Rationalise the denominator of:
1 1
a— —
3+V2
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Multiply the numerator and denominator by 3.

VIx{3=(3P=3

Multiply numerator and denominator by (3 ~v2).

V5 +V2 _ (/5 +V2)W5 +V2)
V5 V2 (/5 -V2N'5 +v2)

Multiply numerator and denominator by /5 + /2.

_5+/5/2+/2,
B 5-2

/25 and 5,2 cancel each other out.

7 +2/10
=22 L]
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Expand the brackets.

Simplify and collect like terms. /9

__1x@A+2/3) Multiply the numerator and denominator by
(4 - 2/3)(4 + 2/3) 4+2/3.
[E—
4+2/3
16 +8V3 - 8/3 - 12 ————
4+2/3_2+/3 L 16-12=4,8/3-8/3=0

n
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Exercise

1 Simplify:
L b . ]
s Vi 75
i) f 5 . V1
a8 V80 63

2 Rationalise the denominators and simplify:
1 b1 1

a— = e —= e -
1+73 2475 377 3
3-2 s w32 3-77
45 E2uvs BT 34/ A+i1
V17 =711 VAL +429 V2-

RLASTES =L
VI7 4711 AT -/D 3=
3 Rationalise the denominators and simplify:
ry b —L _4_
3G-V2) Q@+V5) (G-v2)
3 1 2

a—— [
(5+/2) (+2)B-12)

(5-V3)2+/3)
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L3-S .
plify * == giving your answer in the Problem-solving

You can check that your answer is in the correct
form by writing down the values of p and g and
checking that they are rational numbers.

form p + /3. where p and ¢ are rational
numbers. (4 marks)
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Calculator (UK VERSION)
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Exercise 1B

1
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= You can use the laws of indices to simplify powers of the same base.
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= To solve a quadratic equation by factorising: m The solutions to an
equation are sometimes called

« Write the equation in the form ax? + bx + c=0 ;
the roots of the equation.

« Factorise the left-hand side
« Set each factor equal to zero and solve to find the value(s) of x
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Example

Solve the following equations:
a ¥-2v-15=0 b a2=0x
€ 6x2+13x=5=0 d x2-5x+18=2+3x

@ ¥ -2x-15=0

(x+3)x -5 3
Then either x + 3 =x
or x-5=0=x=5

S0 x==3and x =5 are the two solutions
of the equation.

b @ =9x
x2=-9x=0
Xx=9)=0

Then either x = 0
or  x-9=0=x=9

The solutions are x = O and x = 9.

¢ 6x?+13x-5=0
(3x = 2x + 5
Then either 3x —
or 2x +
The solutions are x
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x2=5x+18=2 + 3x
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In some cases it may be more straightforward to solve a quadratic equation without factorising.
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Solve the following cquations
a (2x-3P=25 b (x-3p=7
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a 2x - 3)2

2x-3=15
2x=3%5
Then either 2x=3 + 5 = x =4 —L
or 2x=3-5=x=-1
The solutions are x = 4 and x = -1
b (x-3F=7
x-3=4/7
x=32(7

3+7 and

The solutions are
x=3-y7
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Exercise

1 Solve the following equations using factorisation:
a X +3x+2=0 b 2+ 5x+4=0 e 2+7x+10=0 d ¥
e X -8x+15=0  f 22-9x+20=0 g *-5x-6=0 h o

2 Solve the following equations using factorisation:
a x2=4y b x?=25x ¢ 38 =6x d 5x2=30x
e 22+ 7x+3=0 f 6x2-7x-3=0 g 6x2-5x-6=0 h 4x2-16x+15=0

3 Solve the following equations:

a 3+ 5x b (2x-32=9
£ (x-3p g Gx-1p=11
i 6e-T=1lx j 4 +17x=6x-2¢

Problem-solving

PE— T Divide the shape into two sections:

,1 (x+3m
il

) 4 This shape has an area of 44 m>
Find the value of x.

) 5 Solve the equation Sx +3 =
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Some equations cannot be easily factorised. You can also solve quadratic equations using the
quadratic formula.

® The solutions of the equation @EZEXITD vou need to rearrange the equation
ax? + bx + ¢ = 0 are given by the formula: into the form ax? + bx + ¢ = 0 before reading off
_b+F—Gac the coefficients.
24

Solve 3.

ey |

=(=7) = =77 = 4B¥=1)
- 2x3

7 %49 +12
3

7 /6l
3

Thenx = 73@"5‘ orx=

Or x = 247 (3 5) or x = -0135 (3 5)
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Exercise

1 Solve the following equations using the quadratic formula.
Give your answers exactly, leaving them in surd form where nec:

ry.
a2 +3x+1=0 b x2-3x-2=0 ¢ X2+6x+6=0 dx-5x-2=0
e 32+ 10x-2=0 f 4x?—4x— 0 g 4 -Tx h 11x?2+2x-7=0

2 Solve the following equations using the quadratic formula.
Give your answers to three significant figures.
a xX?+4x+2=0 b x2-8x+1=0 ¢ xX+1lx-9=0 d xX2-7x-17=0
e 5x2+9x-1=0 f 2x2-3x-18=0 g 3x2+8=16x h 2x2+ 1lx=5x2-18

3 For cach of the equations below, choose a suitable method and find all of the solutions.
Where necessary, give your answers to three significant figures.
a 2+8x+12=0 b 22+9x-11=0
P €D voucon s ny metrod
e you are confident with to solve
x these equations.

e -9y
e 2x+8)2=100 f 6+
g 2¢-11=7x
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4 This trapezium has an arca of S0m>.
Show that the height of the trapezium is equal to S(/3 - )m.

< xmo>
Problem-solving

Height must be positive. You will have to discard
the negative solution of your quadratic equation.

«——(x+ 10)m—>
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It is frequently useful to rewrite quadratic expressions by completing the square:
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[ xamvic ©)

Complete the square for the expressions:
a x2+8x b x2-3x € 2x2+ 12x

a X2+ Bx= (x+ 4P - 42
Sx+4ap-16

=2((x =3P -39
=2((x-3P-9)
=2(x-3P-18
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‘Write 3x2 + 6x + 1 in the form p(x + ¢)* + r, where p, ¢ and r are integers to be found.
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3x2+6x+1
=3(x2+2x) +1
=3+ 102 -1 +1
=3x+1P-3+1
=3x+12-2
Sop=3,g=1andr=-2.
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Exercise
€D 1n question 3a,

1 Complete the square for the expressions: write the expression as

—4x2 - 16x + 10 then
A 4l a 2 16x 2 2
ax+dx b -6y cX-l6x dx+x e xX-l4 Sl

2 Complete the square for the expressions: :ﬁ thf: ﬁzsltzwozfvmslo
a22+16x b 32-24x ¢ 52+20x d 2x2-5x e 8x-2% DE=ERGE T
3 Write cach of these expressions in the form p(x + ¢)? + r, where p, ¢ and r are constants
to be found:
a2048x+1 b S¥-I5x+3 ¢ 3¢+2v—1  d 10-16x-42 e 2x-8x+10
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Example

Solve the equation x2 + 8x + 10 = 0 by completing the square.

Give your answers in surd form.

X +8x+10=0

X7+ 8x = =10

(x+ 47 - 42=-10
(x+47=-10+16

(x+47=6

(x+4)=+/6
-4£/6

So the solutions are

-4+/Gandx=-4-/6

Check coefficient of x2 = 1.

Subtract 10 to get the LHS in the form x2 + bx.

Complete the square for ? + 8x.
Add 4 to both sides.

Take square roots of both sides.
Subtract 4 from both sides.

Leave your answer in surd form,
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Solve the equation 2x* — 8x + 7 = 0. Give your answers in surd form.
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2x2-8x+7=0

-4x+%=0
—ax=-%
(x-2p-22=-]
(x-27=-5+4
(x-2p
I3
x-2=x/7
x=2:%

So the roots are

1 1
=2+ —andx=2-
& vz vz
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Exercise

1 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a X+6r+1=0 b 2+12¢+3=0 ¢ 2+4x-2=0 d x-10x=5

2 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a 22+6x-3=0 b 5x2+8v-2=0 ¢ 4x-x-8=0 d 15-6x-222=0

) 3 x%—14x+1=(x+p)*+¢, where p and ¢ are constants.
a Find the values of p and ¢. (2 marks)

b Using your answer to part a, or otherwise, show that the solutions to the equation
% - 14x + 1 = 0 can be written in the form r + 53, where r and s are constants
to be found. (2 marks)
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Example

The functions f and g are given by f(x) = 2x - 10
and g(x) =22~ 9, xER.

a Find the values of f(5) and g(10).
b Find the value of x for which f(x) = g(x).

a f(5)=2(5)-10=10-10=0
g(10) = (102 -2 =100 -9 =91

b

— |
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Example

The function f s defined as f(x) = x* + 6x = 5, x € R.
a Write f(x) in the form (x + p)* + ¢.

b Hence, or otherwise, find the roots of f(x), leaving your answers in surd form.

¢ Write down the minimum value of f(x), and state the value of x for which it occurs.

af)=x2+6x-5 "]
=(.\“‘-3)2_3_54_
=(x+37-14

(x+3P2-14=0
(x+3P=14
x+3=x/14

x==-3x/14
f(x) has two roots:
-3 + 14 and -3 - /14.
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¢ (x+3?=0+~—————————————— Asquared value must be greater than or equal to 0.
So the minimum valve of () is ~14.—
This occurs when (x + 3 = O,
so when x = -3

— (x+3)?2=0s0(x+3)°-14=-14
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Exel

1 Using the functions f(x) = 5x + 3, g(x) = x = 2 and h(x) = /x+ 1, find the values of:

a (1) b 2(3) ¢ h(®) d f(1.5) e g(2)
4
fh(-D) g f4+e2  hf0+g0)+h©®) i %

) 2 The function f(x) is defined by f(x) = x* - 2x, x ER. roblem-solving

Given that f(a) = 8, find two possible values for a. R T e

3 Find all of the roots of the following functions: cifiprEliipepeEayEeG

a f(x)=10-15¢ b g(x)=(x+9(x-2) ¢ h(v)
d j(x) =144 - x? e k(x)=x(x+5)(x+7) f m(x)=x3+5x2 - 24x

%+ 6x-40
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4 The functions p and q are given by p(x) = ¥* - 3x and q(x) = 2x - 6, x € R.
Find the two values of x for which p(x) = q(x)

5 The functions f and g are given by f(x) = 2x* + 30x and g(x) = 17x%, x€R.
Find the three values of x for which f(x) = g(x).

6 The function  is defined as f(x)
a Write f(x) in the form (x + p)? + ¢ where p and ¢ are constants to be found.

-2x+2,xeR.

b Hence, or otherwise, explain why f(x) > 0 for all values of x, and find the minimum
value of f(x).
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(x) has a curved shape called a parabola.

When f(x) = ax? + bx + ¢, the graph of )
You can sketch a quadratic graph by identifying key features.
The coefficient of 2 determines the overall shape of the graph.
When a is positive the parabola will have this shape: \/

When a is negative the parabola will have this shape: /\

(@ The graph crosses the y-axis when
x = 0.The y-coordinate is equal to c.

(2 The graph crosses the x-axis when y = 0. The
x-coordinates are roots of the function f(x).

(3 Quadratic graphs have one turning point.
This can be a minimum or a maximum.
Since a parabola is symmetrical, the turning
point and line of symmetry are half-way
between the two roots.

® You can find the coordinates of the turning point (L) The graph of y = alx + ) + ¢
of a quadratic graph by completing the square. is a translation of the graph of
IFf(x) = a(x + p)? + ¢, the graph of y = f(x) has a y=axtby ('P). -» Section 4.5
turning point at (-p, ¢). .




image82.png
Sketch the graph of y =

— Sx+4, and find the coordinates of its turning point.
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As a = 1is positive, the graph has a \/J
shape and a minimum point.

When x = O, y = 4, 50 the graph crosses
the y-axis at (O, 4).
When y =0,

X2 -5x+4=0

(X71)"‘74)=O-__
x'=10r x = 4, 50 the graph crosses the

x-axis at (1, 0) and (4, O).
Completing the square:
@ -5x+4=(x-3)°-L+4
=(x-3°-%
So the minimum point has coordinates
-
-3
Alternatively, the minimum occurs when

x i half-way between 1 and 4,

e IS
sox="7

re @ -5x@ea=-2
:

50 the minimum has coordinates (3, - 3)

m If you use symmetry to find the

x-coordinate of the minimum point, you need to
substitute this value into the equation to find the
y-coordinate of the minimum point.
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The sketch of the graph is:
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Sketch the graph of y = 4x - 2x* - 3. Find the coordinates of its turning point and write down the
equation of its line of symmetry.
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Simplify these expressions:

a x2xa b 22x3° ¢ d 6x° 5337 e (@px2 1 (3
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As a = -2 is negative, the graph has a /\
shape and a maximum point.

When x = 0, y = =3, so the graph
crosses the y-axis at (O, —3).

When y =0,
—2x?+4x-3=0

Using the quadratic formula,
4+ [AZ= 2723

. 2% 2

e

-4
There are no real solutions, so the graph
does not cross the x-axis.

Completing the square:
—2x? 4 4x -3
=-2x2-2x)-3

2((x = 1P =1)=-3

=—20x-1P+2-3

==20x =12 -1

o oo
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S0 the maximum point has coordinates
@, -

The line of symmetry is vertical and goes
through the maximum point. It has the
equation x = 1.
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Exercise

1 Sketch the graphs of the following equations. For each graph, show the coordinates of the point(s)
where the graph crosses the coordinate axes, and write down the coordinate of the turning point
and the equation of the line of symmetry.

2_6x+8 by=x2+2x-15 ¢ )

6x+7  f p=2+4x+10 g y=22+7x-15  h y=6x—19x+10

—Ix -2 § r=05x+02v+0.02

243x+2
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Exercise 2B

1 a x=}32/5) b x=1@3217)
d x=1(5233)
r 1111\2\
h
2 b
d
r
h r=4890rx
3 b x=1090rx
d
T
h
4 0m?

So.x!+ 5z - 25 -
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Exercise 2C

e

e 2r-4
(- 8- 64
@-
2044732
5x 42 - 20
“20c-27+8
2ce2i-T

B+ -

8-l

st - 3
=4 (x+2)+26
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Exercise 2D

acac
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Exercise 2E

1

b 2and-9 ¢ -10and4
e 0.-5and-7 f 0,3and-§

b Squared terms are always =0, so the minimum
value is 0 +
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Exercise 2F
1a

Turning point: (3,
Line of symmetry
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y=a+20-15

Turning point: (-1, ~16)
Line of symmetry:

‘Turning point: (0, 25)
Line of symmetry: x = 0

dy-pizesz ¥

©.2)

2,0

Turaing point: (3.

Line of symmetry




